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An anomaly free non-universal U(1)X extension to the Minimal Supersymmetric
Standard Model is proposed, whose scalar sector is increased with additional two
scalar doublets and four scalar singlets. Besides, fermion sector includes three
new exotic quarks singlets, two exotic lepton singlets and three generations of
right-handed and Majorana neutrinos. A tree-level massless electron is found so
radiative corrections are considered to match the Standard Model mass spectrum
with analytical expressions with both SUSY and non-SUSY corrections. Likewise,
a massless neutrino is found and analytic expressions for massive mass eigenstates
are obtained via inverse-seesaw mechanism. Lastly, neutrinos’ Yukawa couplings
and the electron-muon mixing angle are parametrized via a single Σ4 parameter
with random couplings in the exotic sector. The latter allows us to get analytical
conditions over Yukawa couplings to achieve PMNS reproducibility and an estimate
for right-handed and Majorana masses.
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2I. INTRODUCTION
For years, we have been witnesses of the Standard Model (SM) success in experiments which
have not shown any vestige for new particles or interactions despite its unresolved problems require
them for a simple and elegant solution. It is of particular interest the Fermion Mass Hierarchy
(FMH) problem, which looks for a natural explanation for the huge mass difference among fermions
(∼ 106) or the neutrino mass problem unexplained by the SM due to the absence of a right-handed
neutrino counterpart, but experimentally confirmed by neutrino oscillations. The latter problems
make part of a huge list which encourages several SM extensions in an attempt of predicting the
inevitable and underlying physics beyond the SM.
For instance, supersymmetry (SUSY) is a promising extension which still has a strong theoretical
attraction for Grand Unification Theories (GUT) [16], string theories and dark matter candidates
[27] although it also provides a scenario for a natural realization of FMH and Leptonic Flavor
Violation (LFV)[8], including Flavor Changing Neutral Currents (FCNC)[17], in non-universal
extensions. Additionally, its elevated and symmetric particle content solves the Higgs naturalness
problem despite it has its own inconveniences such as the µ.problem [25]. Nevertheless, it is still
relevant to study some unexplored features of SUSY theories although fermion results are also
true in the non-SUSY context of the model.
The most known SM result lies on the existence and discovery of the Higgs boson [1] which
together with the W and Z boson masses confirm the underlying SU(3)C × SU(2)L × U(1)Y
[29][28][15] symmetry before spontaneous symmetry breaking. However, fermion masses can be as
light as the electron and as heavy as a top quark which seems unlikely to be due to a single Higgs
Vacuum Expectation Value (VEV). Consequently, multi-Higgs theories appear as a simple and
natural solution to FMH together with non-universality in SUSY and non-SUSY scenarios where
there is a Higgs scalar for each isospin state, such as the two Higgs doublet model (2HDM)[14]
and SUSY among others.
3Non-universality requires an extra symmetry if fine-tuning wants to be avoided, so it is supposed
that the SM symmetry is the penultimate step in a chain of symmetry breakings which may or
may not come from a GUT scenario. By climbing a step we can propose a U(1)X extension to the
SM so this new X charge can have a non-universal behavior. These kinds of models have been
widely studied [4] and they usually include a solution for the FHM problem and neutrino mass
generation. The main non-universality feature advantage lies in the existence of FCNC whose
experimental sensitivity leaves an open window for new physics, such as the B meson decay [19].
Nevertheless, neutrino physics is one of the most promising scenarios for physics beyond the
standard model since they are massive particles, as neutrino oscillation has proven, and its nature
is to date unknown. In fact, the already known particles are unable of providing a scenario for
neutrino mass generation so heavy particles are considered in seesaw mechanisms [18][7] as an
alternative for an explanation. Even so, non-universality introduces different mass matrix textures
which not always guarantees a correct PMNS reproducibility [30] [21] and an electron which is not
both a mass and flavor eigenstate.
In the present work, the leptonic sector in an anomaly free non-universal U(1)X extension
to the Minimal Supersymmetric Standard Model (MSSM) is considered. Such a model includes
four scalar doublets and 4 scalar singlets as well as exotic quark and lepton singlets, including
right-handed and Majorana neutrinos for an inverse seesaw neutrino mass generation. All in all,
the conditions and analytic expressions for mass eigenstates and rotation matrices are obtained to
check the model reproducibility of the PMNS matrix and the Yukawa couplings order of magnitude
of a wide range of values for the electron-muon mixing angle.
II. FAMILY MIXING - PMNS MATRIX
Lepton-neutrino mixing happens in a similar fashion as quark mixing due to hypercharge
universality. In that case, the relative rotation between lepton and neutrino mass eigenstates is
known as the Pontecorvo–Maki–Nakagawa–Sakata matrix (PMNS) which is given analogously to
the CKM matrix by VPMNS = UlU †ν . There is however an important phenomenological difference.
4Despite the CKM and PMNS matrices are mathematically analogous, the neutrino mass matrix
entries are much smaller than the quark matrix entries since experimentally it is known that
neutrinos must have a very small mass. Consequently, the oscillations between quarks in the flavor
basis happens in small times, corresponding to a length scale of the nuclear radius while neutrino
oscillations require hundreds of kilometers as pointed out in the solar neutrino problem [2] together
with the time dilation due to the relativistic speed of them. As a result, the flavor changes are
highly suppressed (lα → lβ < 10−54) [5] so neutrino mass eigenstates as well as leptonic flavor
changes are not often considered in discussions. To present, the PMNS matrix has the following
values [9] at 3σ confidence level:
VPMNS =

0.797→ 0.842 0.518→ 0.585 0.143→ 0.156
0.243→ 0.490 0.473→ 0.674 0.651→ 0.772
0.295→ 0.525 0.493→ 0.688 0.618→ 0.744
 (1)
NO IO
∆m221
10−5eV 2 7.39
+0.21
−0.20 7.39
+0.21
−0.20
∆m23`
10−3eV 2 +2.523
0.032−0.030 −2.509+0.032−0.030
θ12/
◦ 33.82+0.78−0.76 33.56
+0.77
−0.75
θ23/
◦ 48.3+1.1−1.9 48.6
+1.1
−1.5
θ13/
◦ 8.61+0.13−0.13 8.65
+0.13
−0.12
δ/◦ 222+38−28 285
+24
−26
TABLE I: Neutrino mixing parameters [9]
The elements of the PMNS matrix are determined mainly from neutrino oscillation experiments,
by studying the three main sources of neutrinos (solar, atmospheric and reactor neutrinos) they
get the mixing angles and the CP phase, given in table I. Nevertheless, they only provide mass
differences instead of information about each mass eigenstate leaving as an unresolved question
the neutrino mass hierarchy. In general, two schemes are considered: the normal ordering (NO) (
5m1 < m2 < m3) and the inverse ordering (IO) (m3 < m1 < m2). To conclude this section, it is
important to mention the mixing matrices standard parametrization in terms of 3 mixing angles
and 1 CP phase, it reads:
U =

1 0 0
0 cos θ23 sin θ23
0 − sin θ23 cos θ23


cos θ13 0 sin θ13e
−iδ
0 1 0
− sin θ13eiδ 0 cos θ13


cos θ12 sin θ12 0
− sin θ12 cos θ12 0
0 0 1
 (2)
III. THE U(1)X EXTENSION
Although the main motivations lie in string theory, extra dimensions and grand unification
among others, most of the theories predict a new gauge boson called Z ′. In the most promising
scenarios this particle exist from a U(1) additional symmetry breaking [20], as part of a non-abelian
higher symmetry (SU(2)R, 331 models) [26], from Kaluza-Klein excitations in extra dimensions
[3] or as a string resonance [10]. In the first two scenarios, the need for a higher symmetry group
that breaks into an additional U(1) gauge symmetry provides also a solution to the fermion mass
hierarchy i.e. a natural explanation of the fermion masses. A new non-universal U(1)X interaction
together with a Z2 parity are included into the MSSM based on the non-supersymmetric version
of the model [22] which provides a scenario for solving the FMH problem based on the existence
of two Higgs doublets and two scalar singlets, leaving the hierarchy understood partially from
the VEV hierarchy. However, in the fermionic sector, an exotic up-like quark (T ), two down-like
quarks (J a, a = 1, 2), two exotic leptons (E, E), three right-handed neutrinos (νCL ) and three
heavy Majorana neutrinos (NR) all of them interacting via the scalar singlets and generating a
mass matrix texture compatible with a natural realization of FMH without inducing anomalies.
When a new symmetry is included in a theory, there is always the risk of inducing anomalies
so the inclusion of a new U(1) symmetry leads to the following set of equations for the X charges
in such a way that the theory remains anomaly free:
6[SU(3)C ]
2 U(1)X →AC =
∑
Q
XQL −
∑
Q
XQR (3)
[SU(2)L]
2 U(1)X →AL =
∑
`
X`L + 3
∑
Q
XQL (4)
[U(1)Y ]
2 U(1)X →AY 2=
∑
`,Q
[
Y 2`LX`L + 3Y
2
QL
XQL
]−∑
`,Q
[
Y 2`RXLR + 3Y
2
QR
XQR
]
(5)
U(1)Y [U(1)X ]
2 →AY =
∑
`,Q
[
Y`LX
2
`L
+ 3YQLX
2
QL
]−∑
`,Q
[
Y`RX
2
`R
+ 3YQRX
2
QR
]
(6)
[U(1)X ]
3 →AX =
∑
`,Q
[
X3`L + 3X
3
QL
]−∑
`,Q
[
X3`R + 3X
3
QR
]
(7)
[Grav]2 U(1)X →AG =
∑
`,Q
[X`L + 3XQL ]−
∑
`,Q
[X`R + 3XQR ] . (8)
Although in the non-supersymmetric model [22] these equations are satisfied, when supersym-
metry is imposed, they are not satisfied due to the presence of Higgsinos in the fermion content.
The simplest way of avoiding this problem is by doubling the scalar content, so the new scalar
fields would behave as the conjugate ones. The final particle content of the model is shown in
tables III and II.
The scalar singlets σ and σ′ do not acquire VEV but they contribute to the generation of the
lightest fermions masses at one-loop level. The scalar singlets χ, χ′ acquire a VEV at the TeV
scale which breaks the U(1)X symmetry leading to the following spontaneous symmetry breaking
chain:
SU(3)C ⊗ SU(2)L ⊗ U(1)Y ⊗ U(1)X
χ−→ SU(3)C ⊗ SU(2)L ⊗ U(1)Y Φ−→ SU(3)C ⊗ U(1)Q.
In the context of the supersymmetric theory, the gauge groups induce a D-Term potential shown
in Eq. (9) and the superpotential given in Eq. (10) divided into scalar (Wφ), quark (WQ) and
lepton (WL) parts shown in Eqs. (11-13)
7TABLE II: Scalar content of the model, non-universal X quantum number, Z2 parity and
hypercharge
Higgs
Scalar
Doublets
Higgs
Scalar
SingletsX± Y X± Y
Φˆ1 =
 φˆ+1
hˆ1+v1+iηˆ1√
2
 + 2/3+ +1 χˆ = ξˆχ+vχ+iζˆχ√
2
− 1/3+ 0
Φˆ2 =
 φˆ+2
hˆ2+v2+iηˆ2√
2
 + 1/3− +1 σ = ξˆσ+iζˆσ√
2
− 1/3− 0
Φˆ′1 =
 hˆ′1+v′1+iηˆ′1√2
φˆ−′1
 − 2/3+ −1 χˆ′ = ξˆ′χ+v′χ+iζˆ′χ√
2
+ 1/3+ 0
Φˆ′2 =
 hˆ′2+v′2+iηˆ′2√2
φˆ−′2
 − 1/3− −1 σ′ = ξˆ′σ+iζˆ′σ√
2
+ 1/3− 0
VD =
g2
2
[
|Φ†1Φ2|2+|Φ′†1 Φ′2|2+|Φ′†1 Φ1|2+|Φ′†1 Φ2|2+|Φ′†2 Φ1|2+|Φ′†2 Φ2|2
− |Φ1|2|Φ2|2−|Φ′1|2|Φ′2|2
]
+
g2 + g′2
8
(Φ†1Φ1 + Φ
†
2Φ2 − Φ′†1 Φ′1 − Φ′†2 Φ′2)2
+
g2X
2
[
2
3
(Φ†1Φ1 − Φ′†1 Φ′1) +
1
3
(Φ†2Φ2 − Φ′†2 Φ′2)−
1
3
(χ∗χ− χ′∗χ′)− 1
3
(σ∗σ − σ′∗σ′)
]2
(9)
W [Φ] = Wφ +WQ +WL (10)
Wφ = −µ1Φˆ′1Φˆ1 − µ2Φˆ′2Φˆ2 − µχχˆ′χˆ− µσσˆ′σˆ + λ1Φˆ′1Φˆ2σˆ′ + λ2Φˆ′2Φˆ1σ (11)
WQ = qˆ
1
LΦˆ2h
12
2uuˆ
2 c
L + qˆ
2
LΦˆ1h
22
1uuˆ
2 c
L + qˆ
3
LΦˆ1h
3k
1uuˆ
k c
L − qˆ3LΦˆ′2h3j2ddˆj cL + qˆ1LΦˆ2h12T Tˆ cL
+ qˆ2LΦˆ1h
2
1T Tˆ cL − qˆ1LΦˆ′1h1a1J Jˆ a cL − qˆ2LΦˆ′2h2a2J Jˆ a cL + TˆLχˆ′hTχ′ Tˆ cL − Jˆ aL χˆhJabχ Jˆ b cL
+ TˆLχˆ′h2χ′uuˆ2 cL + Jˆ aL σˆhJajσ dˆjcL + TˆLσˆ′hTkσ′ uˆkcL (12)
WL = ˆ`
p
LΦˆ2h
pq
2ν νˆ
q c
L − ˆ`pLΦˆ′2hpµ2e eˆµ cL − ˆ`τLΦˆ′2hτr2e eˆr cL − ˆ`pLΦˆ′1hp1EEˆcL + EˆLχˆ′gχ′EEˆcL
− EˆLµE EˆcL + EˆLχˆgχE EˆcL − EˆLµEEˆcL + νˆm cL χˆ′h′N mnχ Nˆn cL +
1
2
Nˆm cL MmnNˆ
n c
L
+ EˆLσˆh
ecp
σ eˆ
cr
L + EˆLσˆ′he
cµ
σ′ eˆ
µc
L , (13)
8TABLE III: Fermion content of the non-universal extension, X quantum number and parity Z2.
Left-Handed Fermions Right-Handed Fermions
X± X±
SM Quarks
qˆ1L =
uˆ1
dˆ1

L
qˆ2L =
uˆ2
dˆ2

L
qˆ3L =
uˆ3
dˆ3

L
+ 1/3+
0−
0+
uˆ1 cL
uˆ2 cL
uˆ3 cL
dˆ1 cL
dˆ2 cL
dˆ3 cL
− 2/3+
− 2/3−
− 2/3+
+ 1/3−
+ 1/3−
+ 1/3−
SM Leptons
ˆ`e
L =
νˆe
eˆ

L
ˆ`µ
L =
νˆµ
µˆ

L
ˆ`τ
L =
νˆτ
τˆ

L
0+
0+
−1+
νˆe cL
νˆµ cL
νˆτ cL
eˆe cL
eˆµ cL
eˆτ cL
− 1/3−
− 1/3−
− 1/3−
+ 4/3−
+ 1/3−
+ 4/3−
Non-SM Quarks
TˆL
J 1L
J 2L
+ 1/3−
0+
0+
Tˆ cL
Jˆ c 1L
Jˆ c 2L
− 2/3−
+ 1/3+
+ 1/3+
Non-SM Leptons
EˆL
EˆL
−1+
− 2/3+
EˆcL
EˆcL
+ 2/3+
+1+
Majorana Fermions N 1,2,3R 0−
9where j = 1, 2, 3 labels the down type singlet quarks, k = 1, 3 labels the first and third quark
doublets, a = 1, 2 is the index of the exotic J aL and J caL quarks, p = e, µ , q = e, µ, τ , r = e, τ
and m,n label the right-handed and Majorana neutrinos. Finally, a soft breaking potential in
included, since we are not interested in sparticle masses let’s consider soft breaking terms for the
scalar particles and gauginos as shown in Eq. (14).
Vsoft = m
2
1Φ
†
1Φ1 +m
′2
1 Φ
′†
1 Φ
′
1 +m
2
2Φ
†
2Φ2 +m
′2
2 Φ
′†
2 Φ
′
2 +m
2
χχ
†χ+m′2χχ
′†χ′ +m2σσ
†σ
+m′2σ σ
′†σ′ −
[
µ211ij(Φ
′i
1 Φ
j
1)− µ222ij(Φ′i2 Φj2)− µ2χχ(χχ′) + µ2σσ(σσ′) + λ˜1Φ′†1 Φ2σ′
+ λ˜2Φ
′†
2 Φ1σ −
2
√
2
9
(k1Φ
†
1Φ2χ
′ − k2Φ†1Φ2χ∗ + k3Φ′1†Φ′2χ− k4Φ′1†Φ′2χ′∗) + h.c.
]
+MB˜B˜B˜
† +MB˜′B˜
′B˜′† +MW˜±W˜
±B˜±† +MW˜ W˜3W˜
†
3 (14)
where the last terms, proportional to the coupling constants named k1, k2, k3 and k4, also breaks
softly the parity symmetry to avoid scalar particles below the 125.3GeV threshold. Although F-
term potential codifies mainly all sparticles interactions and off-diagonal sparticle mass terms we
can take only the associated with Higgs particles:
VF = µ
2
1(Φ
†
1Φ1 + Φ
′†
1 Φ
′
1) + µ
2
2(Φ
†
2Φ2 + Φ
′†
2 Φ
′
2) + µ
2
χ(χ
∗χ+ χ′∗χ′) + +µ2σ(σ
∗σ + σ′∗σ′)
+
(
λ21|ijΦ′i1 Φj2|2+λ22|ijΦ′i2 Φj1|2+λ21(Φ†2Φ2 + Φ′†1 Φ′1σ′∗σ′ + λ22(Φ†1Φ1 + Φ′†2 Φ′2)σ∗σ
− λ1µ1Φ†1Φ2σ′ − λ1µ2Φ′†2 Φ′1σ′ − λ2µ1Φ′†1 Φ′2σ − λ2µ2Φ†2Φ1σ − λ1µσijΦ′i1 Φj2
− λ2µσijΦ′i2 Φj1 + h.c.
)
(15)
It is worth to mention that only the terms involving interactions among Higgs particles have
been considered in the VD potential since we are not interested in the sparticles mass generation
or interactions. The full D-Term potential also includes interactions among squarks, sleptons and
Higgs particles which are not gauge singlets, leaving the Majorana sneutrinos as non-interacting
although they are considered in this work neither.
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IV. CHARGED LEPTONS MASSES
The lepton superpotential comes from promoting fields into superfields in the non-SUSY coun-
terpart potential [22]. Generating the same mass structure but with slight differences on the VEVs.
It reads:
WL = ˆ`
p
LΦˆ2h
pq
2ν νˆ
q c
L − ˆ`pLΦˆ′2hpµ2e eˆµ cL − ˆ`τLΦˆ′2hτr2e eˆr cL − ˆ`pLΦˆ′1hp1EEˆcL + EˆLχˆ′gχ′EEˆcL
− EˆLµEEˆcL + EˆLχˆgχE EˆcL − EˆLµEEˆcL + νˆj cL χˆ′h′N ijχ Nˆ i cL +
1
2
Nˆ i cL MijNˆ
j c
L
+ EˆLσˆh
ecp
σ eˆ
cr
L + EˆLσˆ′he
cµ
σ′ eˆ
µc
L , (16)
where p = e, µ , q = e, µ, τ , r = e, τ and i, j label the right-handed and Majorana neutrinos.
1. Charged leptons masses and 1-loop corrections
Once SSB takes place we can write the most general mass matrix in the basis (e, µ.τ, E, E) as:
ME = 1√
2

0 heµ2ev
′
2 0 h
E
1ev
′
1 0
0 hµµ2e v
′
2 0 h
E
1µv
′
1 0
hτe2ev
′
2 0 h
ττ
2ev
′
2 0 0
0 0 0 gχ′Ev
′
χ −µE
0 0 0 −µE gχEvχ

. (17)
In the leptonic sector, we have two exotic singlets coupled by µE but the E fermion does not couple
with any of the SM particles directly so it can be decoupled. As a result, the matrix ME has
a null determinant, then the electron turns out to be massless, so radiative corrections must be
considered. In figure 1 is shown the diagrams that contribute to the electron mass at one-loop
level
11
e
c e(τ)
Le
e
L
〈χ′〉
〈φ2〉
σφ
′
1
EcL EL e
c e(τ)
Le
e
L
〈χ′〉
〈φ2〉
σ˜′
E˜cL E˜L
φ˜′1
σ˜
FIG. 1: one-loop corrections to the leptons due to exotic fermions, sfermions and Higgsinos.
so the mass matrix becomes:
M1−LoopE =
1√
2

v2Σ11 h
eµ
2ev
′
2 v2Σ13 h
E
1ev
′
1 0
0 hµµ2e v
′
2 0 h
E
1µv
′
1 0
hτe2ev
′
2 0 h
ττ
2ev
′
2 0 0
0 0 0 gχ′Ev
′
χ −µE
0 0 0 −µE gχEvχ

. (18)
The radiative corrections can be done thanks to the interactions terms given by:
Wφ ⇒ λ1Φ′1Φ2σ′ − µσσˆ′σˆ WL ⇒ EˆLσˆhe
cr
σ eˆ
rc
L +
ˆ`e
LΦˆ
′
1h
e
1EEˆ
c
L, (19)
where r = e, τ and the couplings λ1, he
ck
σ and he1E are dimensionless Yukawa coupling constants
and λ˜1 and µσ are mass unit parameters from the scalar potential. The first diagram in figure 1
illustrates the non-SUSY contribution which is given by:
v2Σ
NS
11(13) =
−1
16pi2
v2√
2
λ1µσh
ece(τ)
σ he1E
ME
C0
(
m′h1
ME
,
m′σ
ME
)
. (20)
where ME is the exotic charged fermion mass, m′h1 is the corresponding mass of the h′1 field in
flavor basis just like m′σ is for the σ field and C0 is the Veltmann-Passarino function evaluated
12
for p2 = 0 given by eq. (22). We recall that in this contribution a transformation to the mass
eigenstate for the exotic fermion is not done because small mixing angles with SM particles are
considered, making of this sector approximately decoupled. Furthermore, the SUSY contribution
is given by:
v2Σ
S
11(13)(p
2 = 0) = − 1
32pi2
v2√
2
10∑
n=1
2∑
k=1
Z9nL Z
4n
L Z
10k
h˜
Z11k
h˜
λ1µσh
ece(τ)
σ h
e
1E× (21)
×
[
(m˜σk + m˜
′
h1
)2
M˜2Ln
C0
(
m˜′h1
M˜Ln
,
m˜σk
M˜Ln
)
+ m˜′2h1B0(0, m˜
′
σ, M˜Ln) + m˜
2
σkB0(0, m˜
′
h1, M˜Ln)
]
,
C0(mˆ1, mˆ2) =
1
(1− mˆ21)(1− mˆ22)(m21 − mˆ22)
[
mˆ21mˆ
2
2 ln
(
mˆ21
mˆ22
)
+ mˆ22 ln(mˆ
2
2)− mˆ21 ln(mˆ21)
]
, (22)
where M˜Ln are the charged sleptons mass eigenvalues, Zh˜ is the rotation matrix that connects σ˜
(σ˜′) with its mass eigenstates with eigenvalues m˜hk which are running inside the loop. ZL is the
rotation matrix that connects the exotic sleptons their respective eigenstates L˜n inside the loop.
Mass terms without an index correspond to masses in the flavor basis i.e. the corresponding field
diagonal element in the mass matrix. The resulting mass spectrum can be obtained by considering
seesaw rotations on the heavy sector and by doing some algebra on the resulting 2×2 matrix since
τ particle decouples at tree-level. The final expressions are given by:
m2e =
1
2
v22Σ
2
ee m
2
µ =
1
2
v′2
2
[
(heµ2e)
2 + (hµµ2e )
2
]
, (23)
m2τ =
1
2
v′2
2
[
(hτe2e)
2 + (hττ2e )
2
]
m2E =
1
2
g2χ′E v
′
χ
2, (24)
m2E =
1
2
g2χE v
2
χ, (25)
where
Σee =
Σ11h
τe
2e + Σ33h
ττ
2e
[(hτe2e)
2 + (hττ2e )
2]1/2
, (26)
and
Σ11(13) = Σ
NS
11(13) + Σ
S
11(13) (27)
with the associated rotation matrices given by:
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V `1 =

1 0 0 − gχEheevχv′1
gχEgχEvχv′χ−µEµE
heeµEv
′
1
µEµE−gχEgχEvχv′χ
0 1 0 − gχEheµvχv′1
gχEgχEvχv′χ−µEµE
heµµEv
′
1
µEµE−gχEgχEvχv′χ
0 0 1 0 0
gχEheevχv′1
gχEgχEvχv′χ−µEµE
gχEheµvχv′1
gχEgχEvχv′χ−µEµE 0 1 0
− heeµEv′1
µEµE−gχEgχEvχv′χ −
heµµEv
′
1
µEµE−gχEgχEvχv′χ 0 0 1

, (28)
V `2 =

cos θeµ − sin θeµ −Σ3 cos θeµv2v′2 0 0
sin θeµ cos θeµ −Σ3 sin θeµv2v′2 0 0
Σ3v2v
′
2 0 1 0 0
0 0 0 1 0
0 0 0 0 1

(29)
where V `1 is a matrix that diagonalizes the exotic leptons via seesaw mechanism and V `2 diagonalizes
the SM leptons being the mixing angle θeµ and Σ3 defined as:
sin θeµ = − 1√√√√( (h2eµµ)2− 2m2ev′22
h2eeµh2eµµ
)2
+ 1
Σ3 =
Σ11h2e
τe + Σ13h2e
ττ
2m2τ
. (30)
The v′2 VEV is related to muon and tau lepton masses since they are at the same scale order.
Furthermore, from the W boson mass restriction, v2 turns out to have an elevated value but it
is suppressed by the dimensionless factor Σee so it can provide the electron mass. An estimate
of some couplings can be done by considering the physical mass ratio of µ and τ masses which is
approximately mµ
mτ
≈ 0.14, then:
mµ
mτ
= 0.14 ≈
√
(heµ2e)
2 + (hµµ2e )
2√
(hτe2e)
2 + (hττ2e )
2
. (31)
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2. Neutrino masses at tree-level
Although charged leptons have a similar structure as for up-like quarks, neutrinos do not behave
like down quarks. To date, many solutions have been raised to explain their very small value with
the problem of not knowing if they are Dirac or Majorana masses. Their small mass values and the
absence of an observed right-handed counterpart forces us to think in unobserved particles that
provide masses via inverse-seesaw mechanism. In this scenario, both right-handed and Majorana
neutrinos are considered in the model arranged in a mass matrix in the basis (νqL, ν
q
L
C , N iL
C), such
as:
Mν =

0 mTD 0
mD 0 M
T
D
0 MD MM
 , (32)
where the block matrices are given by:
mD =
v2√
2

hee2ν h
eµ
2ν h
eτ
2ν
heµ2ν h
µµ
2ν h
µτ
2ν
0 0 0
 , (MD)ij = v′χ√2(h′νχ )ij, (MM)ij = 12Mij. (33)
The Inverse SeeSaw mechanism (ISS) works under the assumption of small Majorana coupling
constants, MM  mD  MD [7]. Therefore, block diagonalization is done by a rotation matrix
VSS giving a light and heavy Majorana mass matrix in a block diagonal form:
VSSMνV†SS ≈
mlight 0
0 mheavy
 (34)
VSS =
 I −Θν
ΘTν I
 (35)
Θν =
 0 MTD
MD MM
−1mD
0
 , (36)
where mlight = mTD(MTD)−1MM(MD)−1mD is the 3 × 3 mass matrix for the light left handed
Majorana neutrinos and encodes the information of the PMNS matrix and mheavy matrix involves
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the mixings of right-handed and Majorana neutrinos, which is given by:
mheavy ≈
 0 MTD
MD MM
 . (37)
For simplicity and thinking in exotic neutrinos whose mass is big enough to be indistinguishable
for us, we can take the particular case whereMD is diagonal andMM is proportional to the identity
to explore one of the possible scenarios of the model.
MD =
vχ√
2

hNχ1 0 0
0 hNχ2 0
0 0 hχN3
 , MM = µNI3×3. (38)
in this way, the light neutrino mass matrix takes the form
mlight =
µNv
2
2
hNχ1
2v2χ

(hνe2e)
2 +
(
hνe2µ
)2
ρ2 hνe2e h
νµ
2e + h
νe
2µ h
νµ
2µρ
2 hνe2e h
ντ
2e + h
νe
2µ h
ντ
2µρ
2
hνe2e h
νµ
2e + h
νe
2µ h
νµ
2µρ
2 (hνµ2e )
2 +
(
hνµ2µ
)2
ρ2 hνµ2e h
ντ
2e + h
νµ
2µ h
ντ
2µρ
2
hνe2e h
ντ
2e + h
νe
2µ h
ντ
2µρ
2 hνµ2e h
ντ
2e + h
νµ
2µ h
ντ
2µρ
2 (hντ2e )
2 +
(
hντ2µ
)2
ρ2
 , (39)
where ρ = hNχ1/hNχ2. The matrix mlight has zero determinant for every possible choice of MD
and MM since mD has null determinant, obtaining at least, one massless neutrino. Then, the
diagonalization procedure comes from its singular value decomposition, providing a diagonal form
whose entries are the positive square roots of the matrix mlightm†light. From the characteristic
polynomial for mlightm†light we can get an expression for the squared mass eigenvalues.
m2ν1 = 0 m
2
ν2
= µ2ν
A−√A2 − 4B
2
m2ν3 = µ
2
ν
A+
√
A2 − 4B
2
(40)
m2ν1 = µ
2
ν
A+
√
A2 − 4B
2
m2ν2 = µ
2
ν
A−√A2 − 4B
2
m2ν3 = 0 (41)
where
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A =2|h2eνeh2eνµ + ρ2h2µνeh2µνµ|2+2|h2eνeh2eντ + ρ2h2µνeh2µντ |2
+ |(h2eνe) 2 + ρ2 (h2µνe) 2|2+2|h2eνµh2eντ + ρ2h2µνµh2µντ |2
+ |(h2eνµ) 2 + ρ2 (h2µνµ) 2|2+|(h2eντ ) 2 + ρ2 (h2µντ ) 2|2,
B =ρ4(h2e
ντ
(
hντ∗2e
(
hνe2µh
νe∗
2µ + h2µ
νµhνµ∗2µ
)− h2µντ∗ (hνe∗2e hνe2µ + hνµ∗2e hνµ2µ))
+ hνe2e
(
h2µ
νµ
(
hνe∗2e h
νµ∗
2µ − hνµ∗2e hνe∗2µ
)
+ hντ2µ
(
hνe∗2e h
ντ∗
2µ − hντ∗2e hνe∗2µ
))
+ hνµ2e
(
hνe2µ
(
hνµ∗2e h
νe∗
2µ − hνe∗2e hνµ∗2µ
)
+ hντ2µ
(
hνµ∗2e h
ντ∗
2µ − hντ∗2e hνµ∗2µ
))
)2 (42)
and µν =
µNv
2
2
hNχ1
2v2χ
.
The mass spectrum has been written twice because the first line corresponds to normal ordering
while the second line to inverse ordering. Despite we do not know the exact mass values, they
must be in accordance with the squared mass difference shown in table I. Since the squared mass
difference m3` is approximately the same for ` = 1, 2, we can conclude that mν2 has a very small
value in comparison with mν3 in the case of normal ordering implying A2  4B. Thus, we can
perform a Taylor series expansion resulting in the masses shown in Eq. (43). In the case of inverse
ordering, the m3` means A2 − 4B ≈ 0 so mν1 ≈ mν2 ≈ A2 both with a correction ∆ =
√
A2 − 4B
resulting in the masses shown in Eq. (44). Finally, the squared mass differences are stated in table
IV
NO m2ν1 = 0 m
2
ν2
≈ µ2ν
B
A
m2ν3 ≈ µ2νA (43)
IO m2ν1 = µ
2
ν
A−∆
2
m2ν2 = µ
2
ν
A+ ∆
2
m2ν3 = 0 (44)
Normal Ordering Inverse Ordering
∆m221
10−5eV 2 µ
2
ν
B
A = 7.39
+0.21
−0.20 µ
2
ν∆ ≈ 7.39+0.21−0.20
∆m23`
10−3eV 2 µ
2
ν
(
A− BA
) ≈ +2.5230.032−0.030 −µ2νA2 ≈ −2.509+0.032−0.030
TABLE IV: Conditions for reproducing the neutrino squared mass differences for normal and
inverse ordering
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V. FAMILY MIXING
In the previous section, lepton mass spectrum was determined analytically considering the
observed physical masses hierarchy. Nevertheless, the Yukawa couplings must also ensure the
PMNS matrix which is not a trivial task despite the number of parameters. There have been
some works on fermion mass structures in order to determine the cases in which masses can be
reproduced [11][12] or when the CKM and PMNS can [24] [23]. In the present work, the problem
of massless tree-level particles is overcome thanks to radiative corrections induced by the σ and σ′
scalars and fermions, these correction terms must be considered for an appropriate reproduction.
A. PMNS Matrix
Now in this section, the procedure that describes the relationship among Yukawa couplings and
PMNS parameters is described. First, we focus our attention on the charged leptons, from the
exact mass eigenvalues expressions we have the following restrictions:
h2e
ττ =
√
2m2τ
v′22
− (h2eτe) 2 h2eeµ =
√
4m2τm
2
µ − Σ24v22v′22
√
2m2µ − 8m
2
em
2
τm
2
µ
Σ24v
2
2v
′2
2
2
√
m2τm
2
µv
′
2
(45)
h2e
µµ =
2
√
2m2em
2
τm
2
µ
Σ4v2v′22
(46)
being Σ4 defined by:
Σ4 = Σ13h
τe
2e − Σ11hττ2e (47)
so in general they can be parametrized in terms of two parameters, Σ4 and hτe2e, which means that
couplings regarding interactions with exotic fermions can take a random value, which in general
was considered as:
0 < gχE, h
E
1e, h
E
1µ,µE, µE , gχE < 1 (48)
Consequently, the electron-muon mixing angle is parametrized by Σ4 as well. Its expression in Eq.
(30) implies a restriction for the Σ4 to be able to recreating all possible angles, a graph is shown
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in figure 2. Consequently, Σ4 is taken as a random value in the interval. In a similar fashion, Σ11
is taken as a random number which together with Σ4 determines uniquely Σ13 and Σ3 as follows:
2memτ
v2v′2
< Σ4 <
2mµmτ
v2v′2
0 < Σ11 < 10
−4
Σ13 =
Σ11h2e
ττ + Σ4
h2eτe
Σ3 =
Σ11h2e
τe + Σ13h2e
ττ
2m2τ
(49)
FIG. 2: sin θeµ as a function of Σ4
In the case of hτe2e it is taken as a random number in the interval 0 < hτe2e < 0.1 for preventing
hττ2e to become imaginary. Then, by giving a random value to 9 parameters, where six are related
to exotic fermions, we can reproduce the mass spectrum and generate all possible mixing angles for
the electron and muon particles. Leaving completely determined the rotation matrix V ` = V `2 V `1 .
However, In section IV the rotations matrices that diagonalize the mass matrix via two seesaw
rotations and an electron-muon mixing angle are given in Eqs. (28) and (29). So the total rotation
matrix reads:
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V ` = V `2 V
`
1
=

cos θeµ sin θeµ − cos θeµΣ3v2v′2 − sin θeµreχ3 + reχ1 (− cos θeµ) − sin θeµreχ4 − reχ2 cos θeµ
− sin θeµ cos θeµ sin θeµΣ3v2v′2 sin θeµreχ1 − cos θeµreχ3 sin θeµreχ2 − cos θeµreχ4
Σ3v2v
′
2 0 1 −Σ3reχ1v2v′2 −Σ3reχ2v2v′2
reχ1 reχ3 0 1 0
reχ2 reχ4 0 0 1

(50)
where reχk, k = 1, 2, 3, 4 are the entries in the matrix V `1 which are proportional to v
(′)
χ which
makes these contributions negligible. In contrast, the light neutrino mass matrix does not have
a definite rotation matrix since we cannot assume a hierarchy among parameters. Furthermore,
since we are dealing with a Majorana mass matrix the diagonalization procedure slightly changes.
In section II we saw that PMNS matrix can be written as VPMNS = V `V †ν where V †ν is a unitary
transformation that diagonalices the Majorana mass matrix mlight according to
mdiaglight = V
∗
ν mlightV
†
ν (51)
the latter transformation is different because the mass matrix is in general complex and symmetric,
but non hermitian. Thus, its diagonalization is done by considering its singular values mk which
are defined as the eigenvalues positive square root of the matrix mlightm†light [6] and coincide with
the mlight eigenvalues if the matrix is symmetric and real i.e. hermitian.
Nevertheless, a general unitary PMNS parametrization can be written as
V ′PMNS = V
`V †ν ≡ P`UP (52)
where
P` =

eeφe 0 0
0 eiφµ 0
0 0 eiφτ
 P =

1 0 0
0 eiφ2 0
0 0 ei(φ3+δCP )
 ;

eiα1 0 0
0 eiα2 0
0 0 1
 (53)
being P a Majorana phase matrix [13], shown with two parametrizations, and U is the PMNS
matrix in the standard parametrization shown in Eq. (2). In a very stringent scenario, the max-
imum number of independent parameters that might be present in a 3 × 3 unitary matrix is 9.
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However, since we can rephase charged leptons (and neutral leptons in the case of Dirac masses)
we can reduce the number of independent parameters to 6 (4) thanks to the fact that only phase
differences are physical. Therefore, equation (52) indicates that the PMNS matrix is defined as
a V `V †ν matrix in the original basis that we choose to parametrize as P`UP . Consequently, the
problem lies in determining the number of independent parameters present in V `V †ν to know the
true number of parameters contained in V ′PMNS.
In fact, we do not truly know what is the real number of parameters present in the PMNS
matrix, mainly because the phases in P` are unphysical but their exact value has to be known to
perform the diagonalization. In general, we can consider a PMNS matrix that is dependent on 6
parameters (3 mixing angles, 1 CP phase and 2 Majorana phases) so a rephasing in the charged
leptons eigenbasis is not needed which is the usual assumption. Nevertheless, in the most general
case we can rephase them (i.e. a basis change) to get rid of P`. Although mass terms in the mass
basis are invariant under a phase shift (which is not the case in the flavor basis since it introduces
complex phases into the mass matrix and consequently makes no longer true the already mentioned
diagonalization procedure) it doesn’t leave invariant the V ′PMNS matrix but introduces a basis in
which only the physical parameters are present despite the diagonalization must be done in the
original basis as noted in [31]. In this new basis, the PMNS matrix is reduced to:
VPMNS = P`V
′
PMNS = UP = P`V
`V †ν . (54)
It seems that we have introduced 3 new parameters on the right side of the equation. However,
we need to remember that P` was a convenient parametrization, so before considering the exact
form of the right-hand side we need to know the values of the phases present in P`, which is not
an easy task. In fact, we cannot remove completely the unphysical charged leptons phases because
charged leptons are not diagonal in the flavor basis. Now, we can consider Vν = V ′†PMNSV
` which
implies that the PMNS matrix diagonalizes the rotated neutrino mass matrix V `∗mlightV `† and
represents the relative rotation between neutrinos and charged leptons mass eigenstates. Taking
it into account, the scheme goes from the diagonal form to the flavor basis matrix.
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Consider the diagonalized mass matrix mdiaglight, where mk can be the real or complex (if we
include input Majorana phases) we unrotate this matrix by applying the PMNS matrix with the
experimental values and then the inverse rotation of V ` resulting in a numerical matrix Mν which
must be equal to mlight shown in Eq. (39),
M ν = V `TP T` U
∗mdiaglightU
†P`V `
=

Mν11 M
ν
12 M
ν
13
∗ Mν22 Mν23
∗ ∗ Mν33

=
µNv
2
2
hNχ1
2v2χ

(hνe2e)
2 +
(
hνe2µ
)2
ρ2 hνe2e h
νµ
2e + h
νe
2µ h
νµ
2µρ
2 hνe2e h
ντ
2e + h
νe
2µ h
ντ
2µρ
2
hνe2e h
νµ
2e + h
νe
2µ h
νµ
2µρ
2 (hνµ2e )
2 +
(
hνµ2µ
)2
ρ2 hνµ2e h
ντ
2e + h
νµ
2µ h
ντ
2µρ
2
hνe2e h
ντ
2e + h
νe
2µ h
ντ
2µρ
2 hνµ2e h
ντ
2e + h
νµ
2µ h
ντ
2µρ
2 (hντ2e )
2 +
(
hντ2µ
)2
ρ2
 ,
≡

(hνe2e)
2 +
(
hνe2µ
)2
ρ2 hνe2e h
νµ
2e + h
νe
2µ h
νµ
2µρ
2 hνe2e h
ντ
2e + h
νe
2µ h
ντ
2µρ
2
hνe2e h
νµ
2e + h
νe
2µ h
νµ
2µρ
2 (hνµ2e )
2 +
(
hνµ2µ
)2
ρ2 hνµ2e h
ντ
2e + h
νµ
2µ h
ντ
2µρ
2
hνe2e h
ντ
2e + h
νe
2µ h
ντ
2µρ
2 hνµ2e h
ντ
2e + h
νµ
2µ h
ντ
2µρ
2 (hντ2e )
2 +
(
hντ2µ
)2
ρ2
 , (55)
wheremdiaglight = diag(0,m2e
2iφ2 ,m3e
2i(φ3+δCP )) for normal ordering andmdiaglight = diag(m1e
2iα1 ,m2e
2iα2 , 0)
for inverse ordering, the factors µNv
2
2
hNχ1
2v2χ
and ρ2 were removed by a redefinition of the coupling con-
stants and we consider that the parameters can be complex in general in order to reproduce the
PMNS matrix.
The above matrix Mν is complex in all their entries whether Majorana phases are present or
not. For that reason, at least 3 parameters must be complex, one in each column of mD. The
general purpose is to show that the model is able to reproduce the PMNS matrix, and for that
reason, we are going to consider this minimal case just like the CKM matrix where we were
interested in the minimum number of complex parameters, for that reason we are going to con-
sider this minimal scenario for a PMNS matrix that can be parametrized with 4 parameters i.e.
there are no charged lepton phases. Writing the matrix in terms of magnitudes and phases it reads:
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M ≡

(hνe2e)
2e2iα + (hνe2µ)
2 hνe2e h
νµ
2e e
i(α+β) + hνe2µ h
νµ
2µ h
νe
2e h
ντ
2e e
i(α+γ) + hνe2µ h
ντ
2µ
hνe2e h
νµ
2e e
i(α+β) + hνe2µ h
νµ
2µ (h
νµ
2e )
2e2iβ + (hνµ2µ)
2 hνµ2e h
ντ
2e e
i(β+γ) + hνµ2µ h
ντ
2µ
hνe2e h
ντ
2e e
i(α+γ) + hνe2µ h
ντ
2µ h
νµ
2e h
ντ
2e e
i(β+γ) + hνµ2µ h
ντ
2µ (h
ντ
2e )
2e2iγ + (hντ2µ)
2
 , (56)
where the first row of mD is made of complex numbers. Nevertheless, even if all parameters in mD
are complex it can always be rewritten as the above matrix by doing some new definitions, which
only adds more algebra. However, the problem lies in solving the following system of equations
(Mν11 − (hνe2µ)2)(Mν22 − (hνµ2µ)2) = (Re[Mν12]− hνe2µhνµ2µ)2 + Im[Mν12]2 (57)
(Mν11 − (hνe2µ)2)(Mν33 − (hντ2µ)2) = (Re[Mν13]− hνe2µhντ2µ)2 + Im[Mν13]2 (58)
(Mν22 − (hνµ2µ)2)(Mν33 − (hντ2µ)2) = (Re[Mν23]− hνµ2µhντ2µ)2 + Im[Mν23]2 (59)
(hνe2e)
4 = (Re[Mν11]− (hνe2µ)2)2 + Im[Mν11]2 (60)
(hνµ2e )
4 = (Re[Mν22]− (hνµ2µ)2)2 + Im[Mν22]2 (61)
(hντ2e )
4 = (Re[Mν33]− (hντ2µ)2)2 + Im[Mν33]2 (62)
which provide several solutions for the real magnitude values. Unfortunately, Mathematica was
unable of solving the system of 6 equations so the last three were replaced in the first three,
becoming a 3×3 system that the software was able to solve. Additionally, the phases are obtained
by using:
tan(2α) =
Im[Mν11]
Re[Mν11]− (hνe2µ)2
(63)
tan(2β) =
Im[Mν22]
Re[Mν22]− (hνµ2µ)2
(64)
tan(2γ) =
Im[Mν33]
Re[Mν33]− (hντ2µ)2
(65)
so the parameters can be found given a diagonal form for the mass matrix. Regarding the diagonal
matrix, we only know mass differences andm232 ≈ m231 ≡ m23l which means there are two possibilities
for the mass eigenvalues since we do not know exactly which mass difference m23l really is, then
the possible mass eigenvalues are shown in table V.
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m1 m2 m2
NO 0
√
m221
√
m23l
NO 0
√
m221
√
m23l +m
2
21
IO
√
−m23l
√
m221 −m23l 0
IO
√
−m23l −m221
√
−m23l 0
TABLE V: Neutrino mass eigenvalues for Normal and Inverse Ordering for a theory with one
massless neutrino
The system of equations was solved by implementing a Mathematica routine which showed
many solutions to the system of equations. In general, all six real parameters are of order ∼ 10−4.
Then, the smallness of the couplings can be justified by the Majorana masses and the high energy
breaking scale. Since a redefinition of the Yukawa coupling constants was made in Eq. (55), we can
consider all dimensionless Yukawa couplings or order 1 while µNv
2
2
hNχ1
2v2χ
∼ 10−6 GeV which in general
can be accomplished by the high energy breaking scale of the U(1)X symmetry together with a
high right-handed neutrino mass. For a moderate value of vχ ∼ 103 it means µN ∼ 10−4h2Nχ1 GeV
showing that in general right-handed neutrinos are much heavier than Majorana neutrinos as we
assumed before. However, this allows to have a Majorana mass in the MeV scale and heavy right-
handed neutrinos in the TeV scale. Furthermore, since all parameters are of the same order implies
that the ρ = hNχ1/hNχ2 parameter has to be of order 1 (ρ ∼ 1) implying that there are two pairs of
heavy mass eigenstates with similar masses. A graph representing the general behavior of Yukawa
couplings and phases is shown in figure 3 and 4. We can see that in general τ couplings tend
to be around a fixed value, that is why an additional graph showing a more detailed view of hνe2e
and γ is shown. On the one hand, normal ordering scheme allows all parameters to be either
positive or negative although figures 3a and 4a present its absolute value. On the other hand, for
an Inverse Ordering scheme either hνµ2µ or hνe2µ and hντ2µ must be negative, but the same sign for all
three couplings is not allowed. Again, in figure 4a is shown its absolute value. The Σ4 interval has
been chosen in accordance with figure 2 so a general scan over the θeµ is done.
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(a) hνe2e(red), h
νµ
2e (black) and h
ντ
2e (blue) as a func-
tion of Σ4.
(b) hντ2e (blue) as a function of Σ4.
(c) hνe2µ(red), h
νµ
2µ(black) and h
ντ
2µ(blue) as a func-
tion of Σ4.
(d) α(red), β(black) and γ (blue) as a function
of Σ4.
(e) γ phase as a function of Σ4
FIG. 3: Neutrino Yukawa couplings and phases values as a function of Σ4 for a Normal Ordering
Scheme for µE = 0.452, Σ11 = 4.483 × 10−6, gχE = 0.886, gχE = 0.478, µE = 0.976, hE1e = 0.325,
hE1µ = 0.172, hτe2e = 0.097, hττ2e = 0.074 (in general random numbers)
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(a) hνe2e(red), h
νµ
2e (black) and h
ντ
2e (blue) as a func-
tion of Σ4.
(b) hντ2e (blue) as a function of Σ4.
(c) hνe2µ(red), h
νµ
2µ(black) and h
ντ
2µ(blue) as a func-
tion of Σ4.
(d) α(red), β(black) and γ (blue) as a function
of Σ4.
(e) γ phase as a function of Σ4
FIG. 4: Neutrino Yukawa couplings and phases values as a function of Σ4 for a Inverse Ordering
Scheme for µE = 0.452, Σ11 = 4.483 × 10−6, gχE = 0.886, gχE = 0.478, µE = 0.976, hE1e = 0.325,
hE1µ = 0.172, hτe2e = 0.097, hττ2e = 0.074 (in general random numbers)
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All in all, we have shown that given the neutrino mass eigenvalues and the Majorana phases,
there is always a set of dimensionless Yukawa couplings that recreate the PMNS matrix. In this
case, three complex parameters and three real parameters are the minimal set that reproduces the
PMNS parameters with no additional Majorana phases. Nevertheless, general Majorana phases
and charged lepton like phases can be included in the parametrization which consequently provides
an appropriate set of parameters since the number of free parameters in the SM sector increases.
It is also important to notice that the contributions due to exotic particles become negligible as
a consequence of its dependence with the U(1)X scale. Finally, the relationship among Yukawa
couplings and mixing angles has been already studied, and the relationship is neither trivial nor
short, they can be seen however in [31]
VI. CONCLUSIONS
Abelian extensions of the SM have been widely studied and often involve theorized heavy
particles. In this case, exotic fermions, additional scalars and non-universality build an anomaly
free theory in which we can identify three energy scales: electroweak, U(1)X and SUSY breaking
scale whose hierarchy follows the same order and recovers the SM symmetry group after symmetry
breaking. In fact, electroweak scale provides the SM lepton masses while U(1)X scale is related
to exotic unobserved particles although both of them provide small neutrino masses inverse via
seesaw mechanism.
In the lepton sector, non-universality led to a particular lepton mass matrix texture where the
electron is tree-level massless but acquires a finite but small mass value via inert scalar singlets,
exotic fermions and its superpartners at one-loop level. Additionally, analytic mass diagonalization
led to a tree-level decoupled τ particle and an electron-muon mixing angle parametrized by a single
Σ4 parameter depending on the radiative corrections.
Likewise, non-universality led to a massless neutrino which allows to reduce mass eigenvalues
to just two possibilities both in NO and IO schemes. SM neutrinos acquire masses below the eV
scale via inverse-seesaw mechanism which also generates light Majorana neutrinos and heavy right-
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handed neutrinos separated by at least six orders of magnitude. Lastly, by unrotating neutrino
mass eigenvalues with the PMNS matrix, it is found that three out of six parameters must be
complex and they can be parametrized with the same Σ4 parameter by providing a random value
to couplings related with exotic fermions. In fact, third-generation couplings have a very small
change in its value, both magnitude and phase, with respect to θeµ implicitly shown by the Σ4
range.
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